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Abstract 



The article is devoted to stochastic processes with values in finite- 
dimensional vector spaces over infinite locally compact fields with non- 
trivial non-archimedean valuations. Infinitely divisible distributions 
are investigated. Theorems about their characteristic functionals are 
proved. Particular cases are demonstrated. 

1 Introduction 

It is well-known that infinitely divisible distributions play very important role 
in the theory of stochastic processes over fields of real and complex num- 
bers [6, 11, 20]. But over infinite fields with non-archimedean non-trivial 
norms they were not studied. This article is devoted to infinitely divisible 
distributions of stochastic processes in vector spaces over locally compact 
fields K. Such fields have non-archimedean norms and their characteris- 
tics may be either zero such as for Qp or for its finite algebraic extension, 
or positive characteristics c/iar(K) = p > such as Fp{6) of Laurent se- 
ries over a finite field Fp with p elements and an indeterminate 6, where 
p > 1 is a prime number [26]. Multiplicative norms in such fields K satisfy 
stronger inequality, than the triangle inequality, |x -|- ?/| < max(|a;|, \y\) for 
each x,y G K. Non-archimedean fields are totally disconnected and balls 
in them are either non-intersecting or one of them is contained in another. 
In works [2, 7]-[10, 12] stochastic processes on spaces of functions with do- 
mains of definition in a non-archimedean linear space and with ranges in the 
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field of real R or complex numbers C were considered. Different variants 
of non-archimedean stochastic processes are possible depending on a domain 
of definition, a range of values of functions, values of measures in either the 
real field or a non-archimedean field [18, 19], a time parameter may be real 
or non-archimedean and so on. That is, depending on considered problems 
different non-archimedean variants arise. 

Stochastic processes with values in non-archimedean spaces appear while 
their studies for non-archimedean Banach spaces, totally disconnected topo- 
logical groups and manifolds [13]- [17]. Very great importance have also 
branching processes in graphs [1, 11, 24]. For finite or infinite graphs with 
finite degrees of vertices there is possible to consider their embcddings into 
p-adic graphs, which can be embedded into locally compact fields. That is, 
a consideration of such processes reduces to processes with values in either 
the field Qp of p-adic numbers or Fp(^). 

In this article theorems about representations of characteristic functionals 
of infinitely divisible distributions with values in vector spaces over locally 
compact infinite fields with non-trivial non-archimedean valuations are for- 
mulated and proved. Special features of the non-archimedean case are elu- 
cidated. Therefore, a part of definitions, formulations of theorems and their 
proofs are changed in comparison with the classical case. All main results of 
this paper are obtained for the first time. 

There is also an interesting interpretation of stochastic processes with 
values in Qp, for which a time parameter may be either real or p-adic. A 
random trajectory in Qp may be continuous relative to the norm induced by 
the non-archimedean valuation in Qp, but its trajectory in Q" relative to the 
usual metric induced by the real metric may be discontinuous. This gives 
new approach to spasmodic or jump or discontinuous stochastic processes 
with values in Q", when the latter is considered as embedded into R". On 
the other hand, stochastic processes with values in Fp(^)" can naturally take 
into account cyclic stochastic processes in definite problems. 

1. Notations and definitions. Let {Q,A,P) - be a probability space, 
where is a space of elementary events, ^ is a cr-algebra of events in fl, P : 
A —>■ [0, 1] is a probability. Denote by ^ a random vector (a random variable 
for n = 1) with values in K" such that it has the probability distribution 
P^{A) = P{{u; E n : ^{lu) E A}) for each A E i3(K"), where { : Q ^ K", 
^ is (^, i3(K"))-measurable, that is, ^^^(i3(K")) C A, where K is a locally 
compact infinite field with a non-trivial non-archimedean valuation, n G N, 
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Qp is the field of p-adic numbers, 1 < p is a prime number. Here K is 
either a finite algebraic extension of the field Qp or the field Qp itself for 
char{K) = 0, or K = Fp(^) for char(K) = p > 1, B(K") is the tr-algebra 
of all Borcl subsets in K". Random vectors and rj with values in K" are 
called independent, if P{{^ e A,r) e B}) = P{{^ e A})P{{r) e B}) for each 
A,B e i3(K"). 

A random vector (a random variable) ^ is called infinitely divisible, if 
(1) for each m e N there exist random vectors (random variables) ^i, 

such that ^ — + ■■■ + Cm and the probability distributions of ^i, are 

the same. 

If ^ = C,{t) = C,{t,uj) is a stochastic process with the real time, t E T, 
T C R, then it is called infinitely divisible, if Condition (1) is satisfied for 
each t E T. Introduce the notation B{X,x,R) := {y E X : p{x,y) < R} 
for the ball in a metric space {X,p) with a metric p, < R < oo, Cj{t) are 
stochastic processes, j = 1, ...,m. 

2. Lemma. If ^ and rj are two independent random vectors with values 
in K" with probability distributions and Pr,, then i + rj has the probability 
distribution P^+,,(A) = /^n Pii{A - dy)Pr^{dy) for each A e ;B(K"). 

Proof. Since { and rj are independent, then P{{uj G Q : ^(a;) G C, r]{u}) G 
B}) = P{{cu G n : ^{u) e C})P{{lj G Q : ri{u) G B}) for each C, 5 G 
/5(K"). Therefore, P{{i + r] G A}) = P({^ E A-y,r] = y,y e K"}) for each 
A G i3(K"), consequently, P^+niA) = P^iA - dy)Pr,{dy). 

This means that P^+,, = * is the convolution of measures P^ and P^. 

3. Corollary. If^ is an infinitely divisible random vector, then P^ — P^^ 
for each m G N, where P*'^ denotes the m-fold convolution P^ with itself. 

Proof. In view of Lemma 2 and Definition 1 P^ = P^^ * P^2+...4.^^ = ... = 
* P(.2 * ••• * Pe,m- On the other hand, ^i, ...,^rn have the same probability 
distributions, hence P^^ * P^j * ■■■ * Am = P^^- 

4. Notes and definitions. Corollary 3 means, that the equahty 
P^ = p*^ implies the relation: P^{A) = /k" ••• /k" Ai(^ " ^^1/2)^2(^^1/2 - 
dy3)...P^^_^{dy„i-i-dy„i)P^^{dym),whcYc A G i3(K"). In the case of c/iar(K) = 
p > 1 Corollary 3 means, that for m = kp, where A; G N, if P5({0}) = 0, then 
P^^{{y}) = for each singleton y G K", since P(C = 0) > P(5 = 6 = - = 
Cm) > -P^i ({?/})"*■ It is the restriction on the atomic property of P^ and P^^. 

For p-adic numbers x = Y^^Ln ^kp'' , where Xk G {0, 1, ...,p — 1}, N E Z, 
= N{x), a; TV 7^ 0, Xj = for each j < N, put as usually ordQ^{x) = N for 
the order of x, thus its norm is |a;|Qp = p^^ . Define the function [x]^^ : = 
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Y,k=N ^kp'' for N < 0, [x]ci = for > on Qp. Therefore, the function 
HQp Qp is considered with values in the segment [0, 1] C R. 

For the field Fp(^) put |a:;|Fp(6i) = P~^, where N — ordFp{e){x) G Z, 
X = J^'jLn ^j^'' y ^ -^p fo^ each j, 7^ 0, Xj — for each j < N. 
Then we define the mapping [a;]Fp(6)) = x_i/p, where we consider elements 
of Fp = {0, 1, ...,p — 1} embedded into R, hence [a;]Fp(6i) takes values in R, 
where l/p G R, a;_i = when N = N{x) > 0. 

Consider a local field K as the vector space over the field Qp, then it is 
isomorphic with Qp for some 6 G N, since K is a finite algebraic extension 
of the field Qp. In the case of K = Fp(^) we take 6 = 1. Put 

(i) F := Qp for char{K) = with K D Qp, while 

(ii) F := Fp(^) for char{K) =p>l with K = Fp(^). 

Let {x,y) := {x,y)F := T!'j=iXjyj for x,?/ G F, x = (xi, Xf,), Xj G F; 
{x,y)\^ ■■= J2]=iXjyj for x,y e K", x = (xi, a;„), Xj G K. 

Define the mapping < q >f'= 27r[(e,g)]F for each g G K, which is 
considered in (e, q) as the clement from F^, < q >f: K ^ R, where 
e := G F'^, particularly e = 1 for 6 = 1, that is, either in (i) 

K — Qp or in the case (ii) for K = Fp(6'). For the additive group K" 
then there exists the character Xs{z) := exp(i < (s,^)k >f) with values in 
the field of complex numbers C for each value of the parameter s G K", 
since Sj{zj + Vj) = SjZj + SjVj for each Sj,Zj,Vj G K and {s, z + v)-k. = 
(s, z)k + (s, v)-K, [x + y]F - [x]f - [y]F G -B(F, 0, 1) for every x,y eF, while 
[x]f — for each x G S(F, 0, 1), where i — (—1)^^^ G C. In particular, 
Xo(-2) = 1 for each z G K" for s = 0. The character is non-trivial for s 7^ 0. 
At the same time Xs{z) — Y\!j=iXsj{zj)-i where Xsji^j) a-re characters of K as 
the additive group. 

For a cr-additive measure : i3(K") — >• C of a bounded variation the 
characteristic functional fi is given by the formula: := Sii^n Xs{z) ii^dz) , 
where s G K" is the corresponding continuous K-linear functional on K" 
denoted by the same s. 

In general the characteristic functional of the measure 11 is defined in the 
space C°(K", K) of continuous functions / : K" — >■ K 
:= S\ir.xi{f{zj)ii{dz), where 1 G K. 

Let // be a cr-additive finite non-negative measure on B(K"), //(K") < 00. 
Consider the class Ci = Ci(K) of continuous functions A — Afj^ : K" — > R, 
satisfying Conditions (Fl — F3): 

(Fl) A{y + z) = A{y) + A{z) + 2% fi{y, z; x)ii{dx) for each y,ze K", 
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(F2) A{(3y) = [/5]F^(y)+27r/K./2(/3, (e, {y,x)j^)^)ii{dx) foreachy e K", 
/3 G F, where either 

(F3) if F = Qp for c/iar(K) = 0, then /i : (K")=^ ^ Z and /a : Qp^ ^ 
R are locally constant continuous bounded functions, fi{y,z]x) e Z and 
/2(a,/9)p-^("'^) G Z for iV(a,/3) < take only integer values, N{a,p) := 
min(or(iQp(a),or(iQp (/?)); or 

(F4) if F = Fp(^) for char{K) = p > 0, then /i : (K")^ ^ R and /a : 
F^ ^ R are locally constant continuous bounded functions, pfi{y,z;x) G Z 
and p'^f2{a,P) G Z for N{a,P) < take only integer values, N{a,P) : = 
min(or(iFp(e)(a),o?^'^Fp(e)(/9))- While fi{y,z;x) = for max(|yx|K, \zx\-k) < 
1, and /2(a,/3) = for max(|a|F, \P\f) < 1 in (F3,F4). 

Denote by C2 = C2(K) the class of continuous functions 8 = 3^: 
(K")2 ^ R, satisfying Conditions {Bl - B3): 

(Bl) B{y, z) = B{z, y) for each y,z & K", where B{y, y) is non-negative, 

Ib2) B{q+y, z) = B{q, z)+B{y, z)+2n Jj^r, fi{q, y, x) < {z, x)k >f f^{dx) 
for each q,y, z E K", 

(53) B{/3y,z) = [/3]FB{y,z) + 271 Jj^^f2{/3,ie,iy,x)K)F) < {z,x)k >f 
IJ,{dx), where /i and /a satisfy Condition either (F3) or (F4) depending on 
the characteristic char(K). 

For y = z we shall also write for short -B(y) := B{y,y). 

4.1. Lemma. If Xs{x) : ^ C is a character of the additive group 
of F" as in Section 4, A* • B{F"-) — [0, 00] is the Haar measure such that 
/i(i?(F", 0, 1)) = 1. Then lB{F^,o,p'')Xs{x)iJ.{dx) = J{s,k), where J{s,k) = 
pkn |g| < p-k^ while J{s, k) —0 for \s\ > p^~^ . 

Proof. The Haar measure p on i3(F") is the product of the Haar mea- 
sures /ii on i3(F), iJL{dx) = ®'j^^fij{dxj), fXj = fXi. Therefore, Jb{f^,o,pI<:) Xs{x)iJL{dx) — 
Y\!f=iXsj{xj)iij{dxj), where Xj = Xii Xsji^j) is the character of F. 

Consider n = 1. Then K lB{F,o,P^)Xs{x)^{dx) = lB(F,y,p^)Xs{x - 
y)li{dx) for each y G S(F,0,p'=). Thus K = Xs{-y) !B{F,o,pk)Xs{x)li{dx), 
since S(F,0,p'=) = S(F, for each y G S(F, 0,^*=), while //(A-y) = iJi{A) 
for each A G B(F). Take |s|f > p^^^^ and |?/|f = p'^ such that [s|/]f 7^ is 
nonzero. Hence K{1 — Xs{—y)) = 0, but Xsi^v) li consequently, K = 0. 

On the other hand, if |sa;|F < l,thenXs(a;) = 1 and inevitably fB{FOp^)Xs{x)^i{dx) = 
p^, when |s|f < P^^ (see for comparison the case F = Qp in Example 6 on 
page 62 [5]). 

5. Theorem. Let {ip{v,y) : v G V} be a family of characteristic func- 
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tionals of a -additive non-negative hounded measures on i3(K"), where V is 
a monotonically decreasing sequence of positive numbers converging to zero. 
Suppose that there exists a limit g{y) — \imyiQ{ip{v,y) — l)/v uniformly in 
each ball B(K",0,i?) for each given < R < oo. Then in {K",S(K")} 
there exists a a-additive non-negative bounded measure v, functions A[y) 
and B{y), belonging to classes Ci and C2 respectively such that 

{i) g{y) = iA{y)-B{y)/2 + Jj^^{exp{i < ly,x)K >F)-l-i < {y,x)K >f 

(1 + \x\'')-'+ < {y,^U >l (1 + kl')"V2)[(l + u > 0, 

K{0}) = 0. 

Proof. Let /i„ be a measure corresponding to the characteristic functional 
ilj{v,y). Put A„(A) := y-'^ klVfl + \z\^]tJ'v{dz) for each A e i3(K"), where 
\z\ := maxi<j<n\zj\KL, z = {zi,...,Zn) e K", Zj e K for every j = l,...,n. 
We prove a weak compactness of the family of measures {A„ : v e V}. 
That is, we need to prove that (i) there exists L = const > such that 
sup,g^A,(K") < L; (ii) limR^ooin^.ioA„(K"\5(K",0,i?)) = 0. 

The topologically dual space K"' of all continuous K-linear functionals 
on K" is K-linear ly and topologically isomorphic with K", since n G N. 
Since K is the locally compact field, then it is spherically complete (see 
Theorems 3.15, 5.36 and 5.39 [22]). Since K" as the hnear space over F 
is isomorphic with F'^", then it is sufficient to verify a weak compactness 
over the field F, where either F = Qp for char(K.) = with K D Qp and 
6 e N, or F = Fp(^) for char{K) = p > with K = Fp(^) and 6 = 1. 
Indeed, apply the non-archimedean variant of the Minlos-Sazonov theorem, 
due to which there exists the bijective correspondence between characteristic 
functionals and measures [13], where characteristic functionals arc weakly 
continuous (see also §1V.1.2 and Theorem IV. 2. 2 about the Minlos-Sazonov 
theorem on Hausdorff completely regular (Tychonoff) spaces [4]). They are 
positive definite on (K")' or C°(K",K), when is non-negative; jl{0) — 1 
for //(K") = 1. In the considered case K" is a finite dimensional Banach 
space over K. Since the multiplication in K is continuous, then over Qp this 
gives the continuous mapping /o : (Qp)^ Qp- The composition of /q with 
all possible K-linear continuous functionals s : K" — > K separates points in 
K". 

Let \x\ < Ri, where < i?i < 00 is an arbitrarily given number. Due to 
conditions of this theorem for each S > there exists Vq — Vq{Ri, 5) > such 
that for each e > there is satisfied the inequality: 
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(1) —Regiy) + 5 > /B(Fbno,e)[l — cos < {ii,x)-p >-p\\x\~'^\v{dx) for each 

< v < Vo, since e*" = cos(q;) + i sin(a;), — i?e(e*" — 1) = 1 — cos(a) for each 
a e R, while 1 + \x\^ > 1 and [1 + |a;p]|a;|"^ > \x\''^. 

If e > 1 and a; G F*^" \ S(F''",0,e), then from |a;|F > e it follows [1 + 
= 1 + > 1 and then for each 5 > there exists Vq > such 

that for each e > 1 and each < v < Vq there is satisfied the inequality: 

(2) -Reg{y) + 6> /Fbn\B(Fbn o,e)(l - cos < {y,x) >F)Xy{dx). 
Integrate these inequalities hy y e i?(Qp", 0, r) and divide on the volume 

(measure) iJ,{B(F^", 0, r)), where // is the nonnegative Haar measure on F''" 
such that ^(5(F^",0, 1)) = 1, /i(S(F^", 0, r)) = r''" for each r ^ p'' with 
A; e Z [3, 26]. Then from (1) it follows: 

(3) -r-''" /^(Fbn^o.r) Reg{y)fi{dy) + 6 > /B(Fbn,o,r)(XB(Fbn,o,e) |a;|F^(l-cos < 
{y,x) >F)\vidx))i2{dy)r-'"'. From (2) we get: 

(4) Reg{y)fi{dy) + 6> /B(Fbn,o,r)(/Fbn\B(Fbn,o,e)(l - cos < 
{y,x) >F)Xv{dx))iJ,{dy)r~^. On the other hand, cos(< {y,x) >f) = cos(X)^" ^ < 
Xjyj >f), since {y,x) — YJ^iUj^j, also < a + b >f—< a >f + < b >f +2w7r 
for each a, 6 G F, where w is an integer number, w = w{a, b) £ Z. For the 
characters integrals are known due to Lemma 4.1: XB(Fbn,o,p'=) Xs{x)fi{dx) = 
W^i lB{F,o,p^)Xs,{xj)fij{dxj) = J{s,k), where J{s,k) = for |s|f < p"^, 
J{s,k) = for |s|f > p^'^'^^- Since = {x,y) and cos(q;) = i?e(e''") 
for each a e R, then /B(Fbn,o,p*) cos < {y,x) >f /^(c^I/) = J{x,k), since 
J(x, A;) e R. Take in (3, 4) r = p'^, then 

(5) -P'^''"' lB{Fbn^Q^pk)Reg{y)fi{dy)+S > (/s(Fbn_o,e) |a:|F^(l- J(a;, /c)p-^'"^)A^(o?a;)) 

(6) -p"''^"XB(Fbn,o,pfc)^e^(l/)/^(c^l/)+^ > /Fbn\B(Fbn,o,.)(l-^(a;,A;)p-'=^")A„((ia;)). 
Since J(x, = 1 for |a;|F < p"'^, while J {x, k)p^ = for |a;|F > 
p"'^"'"^, then for e > p~''+^ with k E Z, where p > 2, we get {1 — J{x, k)p~^'^) = 

1 for p~'=+^ < |a;|F < e, then 

-P"*"^" /B(Fbn,o,p^) Reg{y)n{dy) + 5 > (/s(Fbn,o,e)\B(Fbn,o,p-^) kli;^A^(dx)) 
> e-2[A„(5(F''",0,e)) - A^(5(F^", 0,p-'=)], hence 

(7) [A,(5(Fb",0,e))-A,(i?(Fb",0,p-'=)] < e'[5-p-''" ^^^,0,^*) i?e^?(|/)/.(ciy)]. 
In particular, for = p~'^~^'^ with < e and k oo Inequality (7) is satis- 
fied. The summation of both parts of Inequality (7) by such k gives: 

(8) A,(i?(Fb",0,6)) < L,5 - EZkoP'"""'''^' lBiF^-,o,p>')Reg{y)^i{dy), 

where Li = p^Y:t=koP~^^ = P^~^''V(1 - A;o G Z is fixed. At the same 
time from (6) it follows: 
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(9) -p-'=''-/5(pbn,o,p.)i?e(7(y)^(rfy) + 6 > A,(Fb" \ 5(Fb",0,e)) for e > 
p-k+i^ Therefore, due to Inequalities (8,9) there exists L = const > 
such that A^(F''") = A^(5(F^", 0, e)) + A^(F''" \ E(F''", 0, e)) < L, for each 
V e (0, vo], where L — const > 0. 

Due to conditions of this theorem the function g{y) is continuous and 
g{0) = 0, consequently, for each S > there exists sufficiently small < 
Ri = < oo such that -Rr'"^! /B(Fbn,o,Ri) -^^fi'(l/)A*(^l/)l < ^- view of 
Inequality (9) for each e > max(p~*^i"'"^, 1) there is satisfied the inequality 
A^(F''" \ S(F''",0,e)) < 2S for each v e (0,f;o], consequently, the family of 
measures {A^ : v e V} is weakly compact. 

Choose a sequence /i„ i such that A^„ is weakly convergent to some 
measure u on i3(K"). Due to conditions of this theorem and using the de- 
composition of exp into the series, we get the inequality: 

(10) mv,y) - l]/v = /Kn(x,(x) - 1)[1 + \x\l]\x\^^X,{dx) 
= iA,,{y) - B^{y)/2 + Jj^^ f{y, x)\y{dx), 

where Ay{y) = Jj^n < {y,x)K >f \x\^X^{dx), By{y) = Jj^r. < {y,x)K >| 
\x\j^X.,;{dx), 

(10') f{y, x) = (exp(i < {y, x)k >f) - 1 - ^ < {y, x)k >f [1 + < 

(y,x)K >| [i + N^]-V2)[i + N^]Nk^ 

The multiplier [1 + |x|^]|a^lK^ is continuous and bounded for |a;| > R, 
where < -R < oo, < {y,x)ii_ >f= for I^/IkI^^Ik ^ 1) hence the func- 
tion f{y,x) is continuous, it is bounded, when y varies in a bounded subset 
in K", while x e K". Therefore, there exists linik^oo Ik'^ f{y,x)Xyi^{dx) = 
Jj^n f{y,x)i'{dx). The functions < (y, x)k >f ^Ik^ and < (y, x)k >f< 
{z,x)k >f I^^Ik^ are locally constant by x for each given value of the pa- 
rameters y and z. These functions are zero, when I^IkI^^Ik < 1, that is, 
they are defined in the continuous manner to be zero at the zero point 
X = 0. Since there exists the limit in the left hand side of Inequality (10), 
then there exist liuik^^ A^^^ly) — A{y) = /j^„ < {y,x)-K >f {xl^uldx) and 
limfe^oo (y) = B{y) = /^n < (z/,x)k >| Ixl^i/ldx). At the same time 
B{y) > for each y G K". 

Substitute the measure i^{U) on u{U\{0}) and denote it by the same sym- 
bol, where U e -B(K'^). Due to the fact that f{y, 0) = 0, < {y, 0)k >f= 0, 
then for such substitution of the measure the values of integrals /j^n / {y, x)i'{dx) , 
My) = /k- < iy,x)K >F \x\^u{dx) and B{y,z) = Jj^n < {y^x)^ >f< 
{y,z)K >F \x\^i'{dx) do not change. 
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It is known that [a + j3]-p = [a]-F + [(3]f + v{a,f3), where v{a,f3) G Z 
for F = Qp, pv{a,/3) G Z for F = Fp(^), < [a]p < 1 for each a,/? G F. 
Also [q;/3]f = [a]F[P]F + u{a,P), where p-^("'^)'u(Q;, /3) G Z for F = Qp, 
p2^Q;,/3) G Z for F = Fp(^), since ^qJ/^Iq^ = Efei^(«) Eriiv(/3) «feAp'=+', 
and [a/?]Qp = Ejv(a)<fe,iv(/3)<i,fc+«<-i ^kf^iP^^^ where a = E^7v(a) "fc/ ^ Qp, 
ctfc e {0, 1} for each k e 7,, aN(a) 7^ 0, while Hfp(9)[/5]fp(6i) = 

and [a/?]Fp(e) = T.N{a)<k,N(p)<i,k+i=-i (^kPiP~\ where a = ET=N(a) <^kO'' e 
Fp(^), Qifc G Fp for each /c G Z, Q;Ar(a) 7^ [5, 26]. At the same time [q;]f = 0, 
when |q;|f < 1, hence v(q;,/3) = and u{a,l3) — for maxdajp, |/3|f) < 1- 
Then 

(11) < {y + Z,x)-K >F = < {y,x)-K >F + < {z,x)k >F +271 fi{y , Z] x) , 

where /i G Z for F = Qp, p/i G Z for F = Fp(6'). Since < {y,x) K >F IS 
locally constant and < [q;]f < 1 for each a G F, then there is the inequahty 
—2 < fi{y, z;x) < 1 for each x,y,z e K" in (11). On the other hand, 

(12) < {py,x)K >F= [P]f < {y,x)K >F +27r/2(/?,(e, (|/,,x)k)f), where 
f2{<y,f3) = u{a,f3) for each a,(3 eF, since F is naturally embedded into K 
and P{e, (y,a;)K)F = (e, {Py,x)K}F- Since [ajp G [0, 1] for each a G F, then 
— 1 < /2(tt, 7) < 1 for each a G F and 7 = (e, (|/, a;)K)F G F in (12). In view 
of the continuity and the locally constant behavior of < {y, x)k >f from this 
the continuity and local constantncss of /i and /2 follow. Thus, /i and /2 
satisfy Conditions (F3,F4) depending on char{K.). Therefore, from (11, 12) 
wc get the properties: 

(13) A{y) = /^n < {y,x)j^ >F \x\^u{dx) and 

(14) B{y,z) — /j^n < {y,x)-K >F< {z,x)k >f l^lK^idx) with the mea- 
sure \x\^iy{dx) here instead of the measure /i in (Fl — FA), {Bl — B3). By 
the construction given above the measures in the definitions of A and B are 
nonnegative and the functions in integrals are nonnegative, then A{y) and 
B{y, z) take nonnegative values. 

As the metric space K" is complete separable and hence is the Radon 
space (see Theorem 1.2 [6]), that is, the class of compact subsets approxi- 
mates from below each cr-additive nonnegative finite measure on the Borel 
(T-algebra i3(K"). In view of the finiteness and the cr-additivity of the 
nonnegative measure \x\^v{dx) on K" \ i?(K", 0, 1/||/|k) for |?/|k > 0, 
< (z/,3;)k >f= for |(x,y)K| < 1 and due to continuity and boundedness of 
the functions in integrals we have that the mappings A{y) and B{y, z) are 
continuous. 
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6. Corollary. Let the conditions of Theorem, 5 be satisfied and there 
exists J := J-Knlxl^u^dx) < oo. Then A{y) = —i{d(f){j3,y)/dP)\p=o and 
B{y) = -{d''(j){P,y)/dp^)\p=o, where (f){P,y) = /k.. exp(i < {y,x) >f /3)|x|kV 
-1 < /? < 1. 

Proof. In view of Theorem 5 there exist A{y) and B{y). At the same 
time the measure v is nonncgativc as the weak hmit of a weakly converg- 
ing sequence of nonnegative measures, consequently, the measure n{dx) : = 
\x\^i'{dx) is nonnegative. In view of the supposition of this Lemma < 
/x(K") = J < oo. If J = 0, then A{y) = 0, B{y) = and = 0, 

then the statement of this Lemma is evident. Therefore, there remains the 
case J > 0. Consider the random variable ( :=< {y,r])K >f with values 
in R, where is a random vector in K" with the probability distribution 
P{dx) := J~^\x\^u{dx), where y e K" is the given vector. 

Then (j){(3,y) = JM exp{if3(), where MX denotes the mean value of the 
random variable X with values in C. That is, M exp{if3() = /j^n exp(i/9 < 
{y,x)K >F)P{dx). For C there exists the second moment, since there exists 
B{y) for each y G K". In view of Theorem II. 12.1 [25] about relations 
between moments of the random variable and values of derivatives of their 
characteristic functions at zero, we get the statement of this Corollary. 

7. Theorem. Let the conditions of Theorem 5 be satisfied and in ad- 
dition measures fiy{dx) posses finite moments of \x\i^ of the second order: 
/k" IxlKf'vidx) < oo Vf G V, then for g{y) there is the representation: 

(0 9{y) = iMv) - B{y)/2 + /s(K",o,e)(^^P(^ < {y^^W >f) - 1 - i < 

{y,x)Y. >F + < {y,x)ii >| /2)r)(dx) + /Kn\B(Kn,0,e)(®^P(^ < iV^^W >f) - 

l)rj{dx), where ri is a nonnegative a -additive measure onB(K"), 77({0}) = 0, 
A{y)ECu Biy,z)eC2. 

Proof. Let riy{A) := J^\x\'^iJ,y{dx), where {/^^ : v} is the family of 
measures corresponding to the characteristic functions ip{v,y). At first we 
prove the weak compactness of the family of measures {"if Bix)r]y{dx) : v G V} 
for B = B(K", 0, 7?), < i? < oo, where ^^(a;) = 1 for a; G 5, ^^(a;) = 
for X ^ B, b{x) is the characteristic function of the set B. Using the non- 
archimedean analog of the Minlos-Sazonov theorem as in §5 we reduce the 
proof to the case of measures on F*'". Take < i?i < oo. In view of the 
conditions of this theorem for each 5 > there exists Vq — Vo{Ri, 5) > such 
that for each e > and each < ?; < vq there is accomplished the inequality 
—Reg{y) + (5 > /Fbn[l — cos(< (t/, x) >-p)]\x\~'^r]v{dx) due to the existence of 
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lim.uio[ilj{v,y) — l]/v = g{y) uniformly in the ball of the radius < -Ri < oo, 
My G F''" : \y\ < Ri. Integrate this inequality hj y E B{F^"-,0,r) and 
divide on the volume //(S(F^", 0, r)) = r^" for r e Tp := {\x\ : x 0,x e 
F} = {p*^ : /c e Z}, where n is the Haar nonnegative nontrivial measure on 
Fb" Then -r"^" /B(Fb^o,r) Re9iy)Kdy) + S > r-"^ Js^^^.^.^^^if^.^l - cos < 
{y,x) >F]\x\-^ri^{dx)fi{dy) > r"*" /B(pbn_o,r)(/i?(Fbn,o,e)[l - cos < {y,x) >f 
]\x\^'^ri^{dx)fi{dy), since 1]^ > and /i > are nonnegative measures. Since 
/^(Fbn.o.pfe) Xs{x)n{dx) = J(s, fc), where J(s, A;) = p''^'' for |s| < p~^, J(s, k) = 
for |s| > p~'^'^^, then 

_^-6nfc /g^pbn^o,pfc) Regiy)nidy)+5 > lB(Fbr.^o,e)[^-p-'^''J{x, k)]\x\-%{dx). 
For e > we then get [r]^{B{F^'',0, e) - r]^{B{F^'^,0,p-''))] < e'^[5 - 

P~'"''' lB{Fbn,o,pk)Reg{y)f^{dy)]. Then for e = p-''»+^ and = p^''^^ < e, 
k ^ oo the summing of these inequalities leads to: ri.u{B(F^^,0,e)) < 
Li6-Ek=koP-'''^~""''lBiF-^,o,p>')Re9{y)^^{dy), where L, = /-^'^"/(l -p-^), 
/co e Z is fixed. 

In view of the fact that the function g{y) is continuous and g{0) = 0, then 
for each 5 > there exists < i?i < oo such that Ri'^"'\ Jb{f^^,o,Ri) R^9{y)^^{dy) \ < 
6. Then for e = p-'^o+s ^j-^g^-g jg accomplished the inequality: rj^lBiF^"-, 0, e)) < 
2Li6 for each v G (0,fo]. Since /k"\b — 0; then the family of 

measures {"^bVv : v E V} is weakly compact for each given < < oo, 
B = S(K",0,i?). 

Let < e < oo, then | /b(kmic) < (y^ •^)k >f iy{dx)\ < oo and | !K^\B{K",o,e) < 
{y:^)K >F \x\^^h'{dx)\ < OO, then Jg := /k"(cxp(^ < {y,x)K >f) — 1 — i < 
(y,a;)K >F [1 + \x\^]~'+ < iy,x)K >l [1 + |a;|2]-V2)[l + \x\^]\x\-^u{dx) = 
/Kn(exp(i < {y,x)K >f) - 1 - i < (y,x)K >f [1 + < {y,x)K >| 

[l + \x\Y^ /2)r){dx), where r]{A) := X4[l + |x|2]|a;|-2i/((^x) for each ^ G B(K"). 
The measure 7/ > is nonnegative, since u > is nonnegative. From 
z/({0}) = it follows that 7?({0}) = 0. The measure ri{A) is finite for each 
A G i3(K" \ i?(K", 0,e)), when < e < cx), since z/(K") < oo and |a;| > e 
for a; G K" \ 5(K", 0, e). Therefore, Je = (Xb(K",o,^) + iKn\i?(Kn,o,^)(^^P(^ < 
(y,a;)K >F)-l)r/(cia;) + /Kn(-i < {y,x)K >f + < {y,x)K >| /2)|a;|-V(rfa;). 
At the same time Ji^r,{—i < {y,x)K >f + < {y,x)K >f /2)\x\~^i'{dx) — 

/B(Kn,0,6)(-^ < (?/:'«)k >F + < {y,x)K >| /2)^?(rf,x) - XB(Kn,0,6)(-^ < 

(z/,a;)K >F + < (l/,a;)K >| /2)[(1 + |a;n - l]\x\-^iy{dx) + /k 
iy,x)K >F + < (|/,a:)K >F /2)\x\~^h'{dx), hence 

(1) g{y) = iA{y) - B{y)/2 + /s(K^o,6)(exp(i < (z/,a;)K >f) - 1 - i < 
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{y,x)K >F + <p,x)K >l /2)rj{dx) + /Kn\s(K",o,e)(exp(i < {y,x)K >f) - 
l)ri{dx), where A{y) = A{y) + /B(K",o,e) < {y,x)ji >f iy{dx) - /Kn\ij(K",o,6) < 
{y,x)K >F |a;|-V(rfa;), = B{y) + lB{K^,o,e) < (z/,a;)K >| i^{dx) - 

/K"\B(K",0,e) < (|/)2;)k >F \^\ '^l^{dx). 

Using the expressions for A{y) and z) from the proof of Theorem 5, 

we get 

(2) My) = /B(Kn,o,6) < iy,x)K >F j^{dx) + jB(jir.,o,e) < {y,^)^ >F 

\x\~'^i'{dx), 

(3) = /B(Kn,o,^) < (^'•^)k >f< (^,a;)K >f i^{dx) + JB(K^,o,e) < 
{y,x)-K >F< {z,x)-K >F Due to identities 5(11,12) with the 
measure [l + |a;|~^]^Bi^(c^3;) here as the measure // in §4, with B — -B(K", 0, e), 
where "^six) is the characteristic function of the set B, "^Bix) = 1 for x G B, 
^six) = for a; G K"\i?, we get, that A and 13 satisfy Conditions (Fl~ FA) 
and [Bl — B3) respectively. Since the measures in the definition of A and 
B are nonnegative and the functions in integrals are nonnegative, then A{y) 
and B{y, z) take nonnegative values. 

As the metric space K" is complete and separable, hence it is the Radon 
space (see Theorem 1.2 [6]), that is the class of compact subsets approxi- 
mates from below each cr-additive nonnegative finite measure on the Borel 
cr-algebra i3(K"). In view of the finiteness and cr-additivity of the nonneg- 
ative measure [1 -|- \x\~'^]^Bi^{dx) and the boundedness of the continuous 
functions in integrals the mappings A{y) and B{y, z) are continuous. 

8. Theorem. A characteristic function ip{y) of an infinitely divisible 
distribution in K" has the form ip{y) = exp{g{y)), where g{y) is given by 
Formula 5(i). // in addition distributions iXv{dx) from Theorem 5 posses 
finite moments \x\i^ of the second order: /j^n \x\'^^.v{dx) < oo, then g{y) is 
given by Formula 7{i) . 

Proof. Let hk = 1/k, k e N, hence g{y) = \iink^^{ipkiy) - 1)/(1/^") = 
limk^ooki^Jkiy) - 1) = ln^(7/), ipkiy) = ^l){l/k,y), i){y) = [ipkiy)]''- If 
fix argip{0) — and take such a continuous branch argip{y), then ip{y) = 
exp{g{y)), where g{y) is given by Theorem 5 or 7. 

9. Definitions. Let there is a random function $,{t) with values in 
K", t E T, where (T, p) is a metric space with a metric p. Then ^(t) is 
called stochastically continuous at a point to, if for each e > there exists 
limp(^t,to)^o P{\^{t) — $,{to)\ > e) = 0. If ^{t) is stochastically continuous at 
each point of a subset S in T, then it is called stochastically continuous on 
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s. 

If liniij^oo supjg5 P(|^(t)| > R) = 0, then a random function ^{t) is called 
stochastically bounded on S. 

Let T = [0, a] or T — [0, cx)), a > 0. A random process ^(t) with values 
in K" is called a process with independent increments, if Vn, < ti < 
... < tn- random vectors ^{0). ^{ti) — ^{0),...,^{tn) ~ ^{tn-i) ai'c mutually 
independent. At the same time the vector ^(0) is called the initial state 
(value), and its distribution P(^(0) e B), B e 6(K"), is called the initial 
distribution. A process with independent increments is called homogeneous, 
if the distribution P(t,s,5) := P(^(t + s) - ^(t) G P), P G ^(K"), of the 
vector C(t + s) — C,(t) is independent from t, that is, P{t, s, B) = P(s, P) for 
each t < t + s E T. 

10. Theorem. Let ip{t,y) be a characteristic function of the vector 
C{t + s) — ^{s), t > 0, s > 0, where ^{t) is the stochastically continu- 
ous random process with independent increments with values in K". Then 
ilj{t,y) = exp{tg{y)), where g{y) is given by Formula 5{i). If in addition 
|C(^)|k has the second order finite moments, then the function g{y) is written 
by Formula 7{i). 

Proof. Let ^{t) be a homogeneous stochastically continuous process with 
independent increments with values in K", where t G T C R. Let t > s, then 
m,y)-^Pis,y)\ = \M cxp(2 < {y,m)K >f)'M cxp(z < (y,e(s))K >f)| = 
|M(exp(^ < (y,e(t) -e(s))K >f) - l)exp(^ < {y,i{s))K >f)| < M|exp(^ < 
(y)C(^) ~ C("S))k >f) — 1|- Therefore, from the stochastic continuity of ^{t) 
it follows continuity of ip{t,y) by t. In view of being homogeneous and 
independency of increments the equalities are accomplished ip{ti + t2,y) = 
Mexp{t < (y,^(ti + t2) -e(ti)) >F +t < {y,^{ti)-m) >f)) = Mexp(i < 
{y,ati) - m) >F))Mexp{t < {y,at2) - m) >f) = 2/)^(t2, y) for 
each ti,t2 G T. On the other hand, a unique continuous solution of the 
equation f{v-\-u) — f{y)f{u) for each w G R has the form f{v) = exp(aw), 
where a G R. Thus, il){t,y) = cxp{tg{y)), where g{y) = \im.tio{ip{t,y) — l)/t. 
Applying Theorems 5 and 7, we get the statement of this theorem. 

11. Remark. Consider auxiliary random process rj := [^]p with values in 
R", where [{qi, ...,qn)]p ■= ([gi]p, [qn]p) for q = (gi, ...,qn) G K". If ^{t) is 
a homogeneous process with independent increments, then such is also rj. Let 
a{t) := Mr](t) is a mean value, while R(t,s) := M[{r]{t) -a{t))*{r]{s) -a(s))] 
is the correlation matrix, where t] = {rji, ...jfjn) is the row-vector. A* denotes 
the transposed matrix A. For the process with independent increments and 
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finite moments of tlie second order tlien R(t,s) = B{mm(t, s)), wliere tlie 
matrix B{t) is symmetric and nonnegative definite. li^{t) is tlie liomogeneous 
process with independent increments, r) has the finite second order moments, 
then as it is known a{t) — at, R{t, s) = Bmm(t, s), where a is the vector, B 
is the symmetric nonnegative definite matrix [11]. 

12. Theorem. Let P and Q be two nonnegative finite a-additive mea- 
sures on the Borel a -algebra i3(K"), where 'K is a locally compact infinite 
field with a nontrivial non-archimedean valuation, n e N. If their character- 
istic functions are equal P{y) — Q{y) for each y e K", then P{A) — Q{A) 
for each A E -B(K"). 

Proof. The metric space K" is complete and separable, consequently, it 
is the Radon space, then P and Q are Radon measures (see Theorem 1.2 [6]). 
Then for each 5 > there exists the ball -B(K", z, R), < R < oo, z e K", 
such that P(K" \ 5(K", z, R)) < S and Q(K" \ S(K", z, R)) < S. 

For each ball B{K.^, z, Ri), z G K", < i?i < oo, due to the Stone- 
Weierstrass theorem for each e > and each continuous bounded func- 
tion / : K" — ^ R there exist bi,...,bk G C and Si,...,Sk G K" such that 
suPa;GB(K",2,iJi) \biXsi{x) + ... + bkXsk{x) - f{x)\ < £, where Xs(x) is the char- 
acter, /c G N, since the family of all finite C-linear combinations of characters 
forms the algebra which is the subalgebra of the algebra of all continuous 
functions on i?(K", the complex conjugation preserves this subalge- 

bra, this subalgebra contains all complex constants and separates points in 
S(K", z, Ri) (see Theorem IV.IO [21]). 

The characteristic function ^B(Kn,2,j?) of the set -B(K", z, R) is continuous 
on K", since K" is totally disconnected and the ball i?(K", z, R) is clopen 
in K" (simultaneously open and closed). Take z G K", < 5^ < l/fc, < 
ek < l/k, R = R{6k) < R{Sk+i) for each k. For an arbitrary vector zi G K" 
with \z — 2;i|Kn < R{Si) take the function ^^(x) = biXsi{x) + ■■■ + bvXsv{x) 
such that 

sup^eB(K",2i,i?,i) l^'K'^) - ^B(Kn,^i,i?i)(a^)| < ek. Then 

Jj^r,'^^''ix)P{dx) = /^n '^^''{x)Q{dx) and 

/Kn '^BiK^,.uR.)ix)P{dx) = P(5(K",Zi,i?i)), 

/k" '^B(K^,zi,Ri){x)Qidx) = (5(5(K", zi, Ri)). On the other hand, 

I /k" ^B(K'-,z^,Ri){x)P{dx) - ^B(K",zuRi){x)Q{dx)\ 
< I /k. ^'''{x)P{dx) - /k. ^B{K^,z^,Rr){x)P{dx)\ 

+ 1 /k" ■^"'{x)Q{dx) - /Kn ^Bi^r.^z,,R,){x)Q{dx)\ + I /Kn <i!'^{x)P{dx) 
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- Jj^n'^'^{x)Q{dx)\ < efc(P(K")+Q(K")). The right hand side of the lat- 
ter inequahty tends to zero while k ^ oo, consequently, P(i?(K", zi,Ri)) = 
Q(5(K",zi,i?i)) for each ball S(K",zi,i?i) in K", where < i?i < oo, 
zi e K", since linifc^oo 4 = and P(K" \ P(K",z,P(4)) < 4, Q(K" \ 
-B(K", z, R{5k)) < Sk- Since balls form the base of the topology in K", then 
P{A) = Q{A) for each A G -B(K"). 

13. Theorem. Random vectors rji, ...,rik in K" are independent if and 
only if 

(1) Mexp(i < {yi,r]i)-K + ... + {yk,r)k)K >f) = Mexp(i < {yi,r)i)-K >f 
)...Mexp(i < {yk,r]k)K >f) for each yi, ...,yk G K". 

Proof. From the independence of rji, ...,rik it follows the independence of 
< (|/i,?7i)k >f, < {yk,Vk)K >F, Consequently, there is satisfied the Equal- 
ity (1), since exp(i < {yi,rii)K + ■■■ + {yk,'nk)K >f) = exp(i < {yi,rii)K >f 
)...exp(i < {yk,r]k)K >f). 

Vice versa let (1) be satisfied. Denote by P^^-^ the mutual proba- 
bility distribution of random vectors rii,...,rik, by P^,^. denote the proba- 
bility distribution of rjj. Then /Knexp(i < (?/i,xi)k + ... + {ykjXk)^ >f 
)Pm,-,midx) = Mexp(i < ry^K + ■■■ + {yk.VkW >f) = Mexp(i < 

{yi:Vl)K >F)...Mexp(i < {yk:Vk)K >f) = 11^=1 /Knexp(i < {yj,Xj)K >F 

)Pr,^{dxj), where x = {xi,...,Xk), yi, ...,yk,Xi, ...,Xk G K". Therefore, by 
Theorem 12 Prii,...,rik 

{Ai X ... X Ak) = P^,{Ai)...Prj,{Ak) for each Ai,...,Ak G 
i3(K"), consequently, r)i,...,r]k are independent. 

14. Definitions. A sequence of random vectors in K" is called 
convergent by the distribution to a random vector ^, if for each continuous 
bounded function / : K" — > R there exists lim„i^oo Mf{C,m) = Mf{C,). 

Let a metric space {X, p) be given with a metric p and a cr-algebra of 
Borel subsets B{X). 

The family of probability measures V :— {Pp : /3 G A} on {X,B{X)), 
where A is a set, is called relatively compact, if an arbitrary sequence of 
measures from V contains a subsequence weakly converging to some proba- 
bility measure. 

A family of probability measures V := {Pp : /5 G A} on {X,B{X)) is 
called dense, if for each e > there exists a compact subset C in X such that 
supp^^Pfs{E\C)<e. 

A sequence {Pm '■ m G N} of probability measures P^ is called weakly 
convergent to a measure P when m — > cxo, if for each continuous bounded 
function f : X R there exists limm^oo fx f{x)Pm{dx) = fx f{x)P{dx). 
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15. Theorem. A random vector ^ in K" is a limit by a distribution of 
sums C,m '■= SfeLi Cm,fc of independent random vectors with the same proba- 
bility distribution ^m,k, k — 1, ...,m, if and only if ^ is infinitely divisible. 

Proof. If ^ is infinitely divisible, then for each m > 1 there exists in- 
dependent random vectors with the same distribution ^m,,!, ■■■,Cm,k such that 
the probability distributions of ^ and of the sum {^m,i + ••• + Cm,fc) are the 
same. 

Let now ^jji be a sequence of arbitrary vectors converging by the distri- 
bution to ^ when m — > oo. Take A; > 1 and group the summands writing 

Cmk in the form: $,jnk = Cm,l + ■■■ + Cm,k, where (m,l = Cmk,l + ••• + Cmk,m, 

■■■,Cmk,k = {mfc,m(fc-i)+i + ••• + Cmk,mk- Siucc the sequcuce ^„ik converges by 
the distribution to ^ while m — > cxo, then the sequence of the probability 
distributions P^^^ of random vectors ^^nk is relatively compact, consequently, 
due to the Prohorov Theorem (see §VI.25 [24] or III.2.1 [25]) it is dense. 

On the other hand, if \C,mk\ > R, then due to non-archimedeanity of the 
norm in K" there exists j such that \Cm,j\ > R, consequently, P(Cm,i ^ 
K" \ 5(K", 0, R)) < P{irnk e K" \ 5(K", 0, i?)), since Cm,j are independent 
and have the same probabihty distribution. Therefore, {P(j^_i : m e N} 
is the dense family of probability distributions. Then there exists the se- 
quence {nij : j G N} and random vectors rji, ...,r]k such that Cmj.i converges 
by the distribution to r]i for each / = l,...,k for j oo. In view of the 
definition of convergence by the distribution this means in particular, that 
for each bi,...,bk G K" there exists \\m.j^^M e-xjp{i < (&i,Cmj,i)K + ■■■ + 
{h,Cmj,k)K >f) = Mexp{i < {bi,rji)ji + ... + {bk,r]k)K >f)- In view of in- 
dependency of random vectors Cm.j,ii Cmj,fc there is satisfied the equality 

Mexp(i < (6l,Cm,,l)K + ••• + {bk,(m,,k)K >f) = Mexp(i; < (6l,Cm,,l)K > 

)...M exp{i{bk,Cmj,k)'K >f), since exp(i < y >f) is the character of the ad- 
ditive group of the field K. Therefore, limj^oo -^exp(i < (6i,Cmj,i)K + 
■■■ + (^'ifc, Cm,-,fc)K >f) = Mexp(i < (6i,?7i)k >F)---^exp(i < (6fc,%)K >f), 
thus, Mexp(i < (6i,?7i)k + ••• + (&fc,%)K >f) = M cxp(i < (&i,?7i)k >f 
)...Mexp(i < {bk,rik)K. >f) for each bi,...,bk G K". Then from Theorem 13 
it follows, that the random vectors rji, ...,rik are independent. 

Since irnjk = Cm^,! + ••• + Cnij,k couvcrgcs by the distribution to r]i + ... + r]k 
and ^mjk converges by the distribution to ^, then ^ is equal to 771 -|- ... -|-77jk by 
the distribution, since Mf{^) = liuij^,^ Mf{^rnjk) = linij^oo -^/(Cm,,i + -- + 
Cmj,k) — Mf{rji + ... + r]k) for each continuous bounded function / : K" — > R. 
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16. Particular cases of Theorem 10. 1. If A{y) = q < (a, 1/)k >f, 
B = 0, u = 0, where a G K" is some vector, q = const > 0, then ip{t,y) = 
exp{itq < {a,y)K >f)- The the random function r){t) —< {Cit),y)K >f has 
the form ri{t) = ri{0) +tq, where ^ is the initial random vector with values in 
K". That is, ri[t) corresponds to the uniform motion of the point in R with 
the velocity q. 

In the case, when A{y) = q{v, < y >f), -B = 0, z/ = 0, where v G R" is a 
given vector, < vj < 1 for each j — 1, ...,n, v — {vi, Vn), q — const > 0, 
then ipltjy) — exp{itq{v, < y >f)). Therefore, the random variable r){t) — 
(< ^(t) >F, < y >f)r has the form ri(t) = ri{0) + tq. 

2. It is possible to consider in formulas for A{y) and B{y,z) in §§5 and 
7 in particular atomic measures, denoting A hj A and B hj B here for the 
uniformity, then there are the expressions of the form j ?j < ixj,y)K >f 
and Ej^i < {xj,y)-K >F< {xj,z)-K >f, where qj = > or qj = 
u{{xj})\xj\^'^ > depending on the considered case, Xj ^ 0. In particular, 
there may be xj = Cj = (0, 0, 1, 0, ...) G K" with the unity on the j-th 
place. These expressions may be transformed using conditions [Fl — FA) or 
{B1-B3) (see Formulas 5(i, 10, 13, 14) or 7(i, 1-3)). Then there are possible 
cases A{y) = q < (a,7/)K >f, A{y) = iv,< y >f)r, B{y,z) = E"=i < 
SjyjZj >F, B{y,z) = Ej=i < Vj >f< Zj >f, where < y >f= (< yi >f 
,...,<yn >f), y = {yi, ■■■,yn) e K", yk eK for each k,v e R", (*, *)r is the 
scalar product in R", sj G K, a G K". The consideration of the transition 
matrix Y from one basis in K" to another or the matrix X of transition from 
one basis in R" into another leads to the more general expressions for B{y, z) 
such as B{y, z) = {h < y >f, < z >f)r, B{y, z) =< {hy, 2;)k >Fj where h is 
the symmetric nonnegative definite n x n matrix with elements in the field 
of real numbers R, h is the symmetric n x n matrix with elements in the 
locally compact field K. 

3. If A{y) ^q<(a, y)^^ >f, B{y, z) =< {hy, 2;)k >f, where a G K", /i is 
the symmetric n x n matrix with elements in the field K, if the correlation 
term /^n f{y,x)u{dx) = from §5 or !B{K'^,o,e)i^w{i < iy,x)K >f) -l-i< 
{y,x)K >F + < {y,x)ji >| /2)r;((ia;) + /Kn\B(Kn,o,e)(exp(« < {y,x)ji >f 
) — l)ri{dx) — from §7 is zero, then ip{t,y) = exp{itq < (a,|/)K >f —t < 
{hy,y)j<i >p /2). Then ^{t) is one of the non-archimedean variants of the 
Gaussian process. 

4. In the case, when A{y) — {v,< y >f)r, B{y,z) — {b < y >f, < 
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z >f)r (see paragraph 2), while the correlation term is zero, then y) = 
exp{it{v, < y >f)r — t{b < y >f, < y >f)r/2) and again ^(t) is one of the 
analogs of the Gaussian process. Though Gaussian processes in the non- 
archimedean case do not exist. That is, we can satisfy a part of properties of 
the Gaussian type in the non-archimedean case, but not all (see also [18]). 

5. When A = 0, B = (taking into account (F1-F4) and {B1-B3); see 
Formulas 5{i, 10, 13, 14) or 7(i, 1 — 3)), where u is the purely atomic measure, 
concentrated at the point zq, ^{{zq}) ~ q > 0, then ip{t,y) = exp(gt(exp(i < 
(y, ^o)k >f) — 1)- Therefore, ^{t) is the non-archimedean analog of the 
Poisson process. 

6. If A{y) = q < {a,y)K >f + lB{K^,o,e) < (i/>^)k >f v{dx), B{y) = 
-Xb(K",o,€) < (i/'2^)k >| v{dx)/2, ?7(5(K",0,e)) < oo, then g{y) = i < 
(fl, I/)k >f /Kn(exp(i < {y, x)k. >f) — l)\{dx), where A is the probability 
measure on (K",S(K")), < w — /^(K") < oo, r}{dx) — w\{dx) (see For- 
mulas 7(i, 1-3) and (Fl - F4), {Bl - 53)). Therefore, ^(t, y) = exp{Uq < 
ia,y)K >F)E^oexp(-wt)((wt)V^O[/K-exp(i < {y,x)ji >F)X{dx)]''. This 
expression of the characteristic function of the random process ^{t) = p{t) + 

+ ••• + Cc(t)) where p{t) is the random process in K" with the characteristic 
function exp{itq < (a, y)K >f), where ^i, ^fc, ... are independent random 
vectors in K" with the same probability distribution \{dx), ({t) is the Pois- 
son process with a parameter w independent from p,^i, ■■■■ Then there 
arises the non-archimedean analog ^(t) of the generalized Poisson process. 

If A{y) = {v,<y >f)r + XB(Kn,o,e) < (y^ ^)k >f v{dx), where B{y) is the 
same as at the beginning of the given paragraph, then y) — exp{it{v, < 
y >F)R)E^oexp(-wt)((wt)7/i;!)[/K-exp(i < (?/,.t)k >F)A(c^x)]^ where 
p{t) has the characteristic function exp{it{v, < y >f)r)- 

17. Remark. Let a branching random process is realized with values in 
the ring Zp of integer p-adic numbers or in the ring i?(Fp(^),0, 1), denote 
it by B. In the particular case of the uniform distribution \x\~^i'{dx) in B 
the measure z/ is proportional to the Haar measure p, \x\~'^h'{dx) = qp{dx), 
where g > 0, p{B) = 1, z/(F \ B) = 0, K = F = Qp or K = F = Fp(^) 
respectively here, n = 1. Then it is possible to calculate A{y) and B{y). In 
view of §5 in this particular case A{ii) = q < yx >f p{dx) and B{ii) = 
qj^ < yx >| p{dx). If y = 0, then A{0) = and B{0) = 0, therefore, 
consider the case y ^ 0. The function < yx >f takes the zero value when 
\yx\F < 1 and is different from zero when \x\f > l/|y|F- 
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In the considered case the support of the measure v is contained in B, 
then and -B(y) are equal to zero when \y\^ < 1. But the Haar measure is 
invariant relative to shifts iJ,{A+z) — /i(^) for each Borel subset in F with the 
finite measure < oo and each z E F. Moreover, fi{zdx) — \z\FlJ'{dx), 

where \z\f = '^H-) (see [26]). Then A{y) = g /,eF,|,|p>|.|p>i < ^ >f 
^i{dz)/\y\F and B{y) = ? LeF,|y|F>klF>i < ^ >f f^{dz)/\y\F, where ||/|f > 
1. At the same time z = T.T=n{x) ^kp'' for F = Qp or 2; = YlkLN{x)^kO^ 
for F = Fp(^), where N{z) = ardp{z), Zk G {0, 1} or Zk G Fp. 

If u{dx) = qi^idx), then A{y) = qIvIf IzeF,\y\p>\z\F>i < z >f |^|fV(c^^) 
and B{y) = qIvIf L(.F,\y\^>\z\^>i < ^ >| \z\p'^ii{dz). These integrals are 
expressible in the form of finite sums, since fi{B{F, x,p'')) = p'' for each 
k E Z and z E F, where the functions in the integrals are locally constant. 

The measure p is Borelian, 1/ : i3(K") [0, 00), therefore each its atom 
may be only a singleton. More generally (see Formulas 5{i, 13, 14)), ii u — 
i/i + 1/2, where 1^2 is the atomic measure, while uildx) — f{x)iJ,{dx), where 
f{x) = g{\x\F, < X >f), 9 '■ R-^ ^ [0, 00) is a continuous function, then 

My) = Ej < yxj >f \xj\-^iy2i{xj}) + If < yx >f fix)\x\p'^jj,{dx), 

B{y) = Ej < yxj >| \xj\~^iy2{{xj}) + Jf < yx >| f {x)\x\f'^ n{dx) , 
where {xj} are atoms of the measure 1^2, J^2{{xj}) > 0, each xj 7^ is nonzero. 
At the same time integrals by the Haar measure on F with functions < 
yx >F f{x)\x\F'^ and < yx >| f{x)\x\F'^, where f{x) — g{\x\F, < x >f)- are 
expressible in the form of series, since \x\f and < x >f are locally constant, 
hence / is locally constant. 
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